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CONFORMAL CLASSICAL YANG-BAXTER EQUATION, S-EQUATION
AND O-OPERATORS
YANYONG HONG AND CHENGMING BAI
Abstract. Conformal classical Yang-Baxter equation and S-equation naturally appear in the
study of Lie conformal bialgebras and left-symmetric conformal bialgebras. In this paper, they
are interpreted in terms of a kind of operators, namely, O-operators in the conformal sense.
Explicitly, the skew-symmetric part of a conformal linear map T where T0 = Tλ |λ=0 is an
O-operator in the conformal sense is a skew-symmetric solution of conformal classical Yang-
Baxter equation, whereas the symmetric part is a symmetric solution of conformal S-equation.
One byproduct is that a finite left-symmetric conformal algebra which is a free C[∂]-module
gives a natural O-operator and hence there is a construction of solutions of conformal classical
Yang-Baxter equation and conformal S-equation from the former. Another byproduct is that
the non-degenerate solutions of these two equations correspond to 2-cocycles of Lie conformal
algebras and left-symmetric conformal algebras respectively. We also give a further study on a
special class of O-operators called Rota-Baxter operators on Lie conformal algebras and some
explicit examples are presented.
1. Introduction
The notion of Lie conformal algebra, formulated by Kac in [16, 17], gives an axiomatic de-
scription of the operator product expansion (or rather its Fourier transform) of chiral fields in
conformal field theory. It appears as an useful tool to study vertex algebras ([16]) and has many
applications in the theory of infinite-dimensional Lie algebras satisfying the locality property
in [18] and Hamiltonian formalism in the theory of nonlinear evolution equations (see [11] and
the references therein, and also [3, 13, 25, 24]). The structure theory ([10]), representation
theory ([8, 9]) and cohomology theory ([6]) of finite Lie conformal algebras have been well de-
veloped. On the other hand, a vertex algebra is a “combination” of a Lie conformal algebra
and another algebraic structure, namely a left-symmetric algebra, satisfying certain compatible
conditions ([4]). Moreover, for studying whether there exist compatible left-symmetric algebra
structures on formal distribution Lie algebras, the definition of left-symmetric conformal algebra
was introduced in [15], which can be used to construct vertex algebras.
Motivated by the study of Lie bialgebras ([12]), a theory of Lie conformal bialgebra was
established in [21]. The notion of a finite Lie conformal bialgebra which is free as a C[∂]-module
was introduced to be equivalent to a conformal Manin triple associated to a non-degenerate
symmetric invariant conformal bilinear form. The notion of conformal classical Yang-Baxter
equation was also introduced to construct (coboundary) Lie conformal bialgebras and hence
as a byproduct, the conformal Drinfeld’s double was constructed. Explicitly, let R be a Lie
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conformal algebra and r =
∑
i ai⊗ bi ∈ R⊗R. Set ∂
⊗3 = ∂ ⊗ 1⊗ 1+ 1⊗ ∂⊗ 1+ 1⊗ 1⊗ ∂. The
equation
[[r, r]] : =
∑
i,j
([aiµaj ]⊗ bi ⊗ bj|µ=1⊗∂⊗1 − ai ⊗ [ajµbi]⊗ bj|µ=1⊗1⊗∂ − ai ⊗ aj ⊗ [bjµbi]|µ=1⊗∂⊗1)
= 0 mod (∂⊗
3
) in R⊗R⊗R, (1)
is called conformal classical Yang-Baxter equation (conformal CYBE) in R. Then the
(skew-symmetric) solutions of conformal CYBE can be used to construct Lie conformal bialge-
bras and many interesting examples beyond the classical Lie bialgebras due to this construction
were given in [21]. Therefore how to find solutions of conformal CYBE becomes an important
problem.
As both an analogue of the above Lie conformal bialgebra in the context of left-symmetric
conformal algebra and a conformal analogue of left-symmetric bialgebra given in [2], the notion of
a finite left-symmetric conformal bialgebra which is free as a C[∂]-module was introduced in [14].
It is equivalent to a paraka¨hler Lie conformal algebra which is an analogue of the above Manin
triple for Lie conformal algebras, but associated to a non-degenerate skew-symmetric conformal
bilinear form satisfying the so-called “2-cocycle” condition. There is also the corresponding
analogue of the classical Yang-Baxter equation, namely conformal S-equation. Explicitly, let A
be a left-symmetric conformal algebra and r =
∑
i ri ⊗ li ∈ A⊗A. Then
{{r, r}} :=
∑
i,j
(ljµri ⊗ rj ⊗ li)|µ=1⊗∂⊗1 −
∑
i,j
(rj ⊗ ljµri ⊗ li)|µ=∂⊗1⊗1
−
∑
i,j
(ri ⊗ rj ⊗ [liµlj ])|µ=∂⊗1⊗1 = 0 mod(∂
⊗3) in A⊗A⊗A, (2)
is called conformal S-equation in A. The (symmetric) solutions of conformal S-equation can
be used to construct left-symmetric conformal bialgebras. Thus it is also natural and important
to find solutions of conformal S-equation.
On the other hand, in the classical case, for the CYBE and S-equation in a Lie algebra
and a left-symmetric algebra respectively, an important idea to find solutions is to replace the
tensor form by an operator form ([22, 20, 1, 2]). It is Semonov-Tian-Shansky who gave the first
operator form of CYBE in a Lie algebra g as a linear transformation on g satisfying the condition
that is known as a Rota-Baxter operator in the context of Lie algebra now ([22]). The notion
of O-operator was introduced by Kupershmidt in [20] replacing the linear transformation by a
linear map, which is a natural generalization of CYBE. Both of them are equivalent to the tensor
form of CYBE under certain conditions. Moreover, a systematic study involving O-operators
and CYBE was given in [1], where an equivalence between the operator forms and tensor form
of CYBE was obtained in a more general extent. There are two direct consequences.
(a) There is a relationship between the CYBE and S-equation in terms of O-operator, that is,
the skew-symmetric part of an O-operator gives a skew-symmetric solution of CYBE ([1]),
whereas a symmetric part of an O-operator gives a symmetric solution of S-equation ([2]).
Thus the solutions of both CYBE and S-equation can be obtained from the construction
of O-operators.
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(b) A left-symmetric algebra gives a natural O-operator and hence there are solutions of
CYBE and S-equation obtained from left-symmetric algebras.
In a summary, the operator forms (O-operators) and the algebraic structures (left-symmetric
algebras) behind indeed provide a practical construction for solutions of CYBE and S-equation.
Therefore it is natural to consider the “conformal analogues” of the above construction, which
is the main aim of this paper, that is, we study what are the operator forms of conformal CYBE
and S-equation. We would like to point out that the conformal generalization is not trivial. For
example, we define the conformal analogue of an O-operator to be a conformal linear map T
where T0 = Tλ |λ=0 is an O-operator in the conformal sense and in particular, assume T0 6= 0,
whereas the case T0 = 0 is meaningless for the construction of Lie conformal bialgebras and left-
symmetric conformal bialgebras. Furthermore, many results in the conformal sense are obtained
and hence these results will be useful to provide solutions of conformal CYBE and S-equation,
to construct conformal Manin triples and paraka¨hler Lie conformal algebras and then to study
some related geometry in the conformal sense.
This paper is organized as follows. In Section 2, we recall some necessary definitions, nota-
tions and some results about Lie conformal algebras and left-symmetric conformal algebras. In
Section 3, the operator forms of conformal CYBE are investigated. We introduce the definitions
of Rota-Baxter operator and O-operator of a Lie conformal algebra and obtain some relations
between Rota-Baxter operator, O-operator and conformal CYBE. Moreover, a relation between
the non-degenerate skew-symmetric solutions of conformal CYBE and 2-cocycles of Lie confor-
mal algebras is presented in terms of O-operators. In Section 4, we study the relations between
conformal CYBE and left-symmetric conformal algebras. Section 5 is devoted to investigating
the operator forms of conformal S-equation. Moreover, similar results as those in the case of
conformal CYBE are obtained. In Section 6, Rota-Baxter operators on a class of Lie conformal
algebras named quadratic Lie conformal algebras are studied.
Throughout this paper, denote by C the field of complex numbers; N the set of natural
numbers, i.e. N = {0, 1, 2, · · · }; Z the set of integer numbers. All tensors over C are denoted
by ⊗. Moreover, if A is a vector space, the space of polynomials of λ with coefficients in A is
denoted by A[λ].
2. Preliminaries on conformal algebras
In this section, we recall some definitions, notations and results about conformal algebras.
Most of the results in this section can be found in [16, 15].
Definition 2.1. A conformal algebra R is a C[∂]-module endowed with a C-bilinear map
R×R→ R[λ] denoted by a× b→ aλb satisfying
∂aλb = −λaλb, aλ∂b = (∂ + λ)aλb. (3)
A Lie conformal algebra R is a conformal algebra with the C-bilinear map [·λ·] : R×R→
R[λ] satisfying
[aλb] = −[b−λ−∂a], (skew-symmetry)
[aλ[bµc]] = [[aλb]λ+µc] + [bµ[aλc]], (Jacobi identity)
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for a, b, c ∈ R.
A left-symmetric conformal algebra R is a conformal algebra with the C-bilinear map
·λ· : R×R→ R[λ] satisfying
(aλb)λ+µc− aλ(bµc) = (bµa)λ+µc− bµ(aλc), (4)
for a, b, c ∈ R.
A conformal algebra is called finite if it is finitely generated as a C[∂]-module. The rank of
a conformal algebra R is its rank as a C[∂]-module.
Proposition 2.2. If A is a left-symmetric conformal algebra, then the λ-bracket
[aλb] = aλb− b−λ−∂a, for any a, b ∈ A, (5)
defines a Lie conformal algebra g(A), which is called the sub-adjacent Lie conformal alge-
bra of A. In this case, A is also called a compatible left-symmetric conformal algebra
structure on the Lie conformal algebra g(A).
Definition 2.3. A module M over a Lie conformal algebra R is a C[∂]-module endowed
with a C-bilinear map R ×M −→ M [λ], (a, v) 7→ aλv, satisfying the following axioms (a, b ∈
R, v ∈M):
(LM1) (∂a)λv = −λaλv, aλ(∂v) = (∂ + λ)aλv,
(LM2) [aλb]λ+µv = aλ(bµv)− bµ(aλv).
An R-module M is called finite if it is finitely generated as a C[∂]-module.
Definition 2.4. Let U and V be two C[∂]-modules. A conformal linear map from U to V
is a C-linear map a : U → V [λ], denoted by aλ : U → V , such that [∂, aλ] = −λaλ. Denote the
C-vector space of all such maps by Chom(U, V ). It has a canonical structure of a C[∂]-module:
(∂a)λ = −λaλ.
Define the conformal dual of a C[∂]-module U as U∗c = Chom(U,C), where C is viewed as
the trivial C[∂]-module, that is
U∗c = {a : U → C[λ] | a is C-linear and aλ(∂b) = λaλb}.
Let U and V be finite modules over a Lie conformal algebra R. Then the C[∂]-module
Chom(U, V ) has an R-module structure defined by:
(aλϕ)µu = aλ(ϕµ−λu)− ϕµ−λ(aλu). (6)
for a ∈ R,ϕ ∈ Chom(U, V ), u ∈ U . Hence, one special case is the contragradient conformal
R-module U∗c, where C is viewed as the trivial R-module and C[∂]-module. In particular, when
U = V , set Cend(V ) = Chom(V, V ). The C[∂]-module Cend(V ) has a canonical structure of an
associative conformal algebra defined by
(aλb)µv = aλ(bµ−λv), a, b ∈ Cend(V ), v ∈ V . (7)
Therefore gc(V ) := Chom(V, V ) has a Lie conformal algebra structure defined by
[aλb]µv = aλ(bµ−λv)− bµ−λ(aλv), a, b ∈ gc(V ), v ∈ V. (8)
gc(V ) is called the general Lie conformal algebra of V .
CONFORMAL CLASSICAL YANG-BAXTER EQUATION, S-EQUATION AND O-OPERATORS 5
Remark 2.5. By Definition 2.3, it is easy to see that a module over a Lie conformal algebra R in
a finite C[∂]-module V is the same as a homomorphism of Lie conformal algebra ρ : R→ gc(V )
which is called a representation of R. Denote the adjoint representation of R by ad, i.e.
ad(a)λb = [aλb], where a, b ∈ R. Moreover, the contragradient conformal R-module V
∗c is the
same as the representation ρ∗ : R→ gc(V ∗c) which is dual to ρ. By Eq. (6), the relation between
ρ∗ and ρ is given as follows.
(ρ∗(a)λϕ)µu = −ϕµ−λ(ρ(a)λu), ∀a ∈ R,ϕ ∈ V
∗c, u ∈ V.
Proposition 2.6. ([14]) Let R be a Lie conformal algebra. Let V be a C[∂]-module of finite
rank and ρ : R → gc(V ) be a representation of R. Then R ⊕ V is endowed with a C[∂]-module
structure given by
∂(a+ v) = ∂a+ ∂v, ∀a ∈ R, v ∈ V.
Hence the C[∂]-module R⊕ V is endowed with a Lie conformal algebra structure as follows.
[(a+ u)λ(b+ v)] = [aλb] + ρ(a)λv − ρ(b)−λ−∂u, for any a, b ∈ R and u, v ∈ V .
This Lie conformal algebra is called the semi-direct sum of R and V , denoted by R⋉ρ V .
The tensor product U ⊗ V can be naturally endowed with an R-module structure as follows.
∂(u⊗ v) = ∂u⊗ v + u⊗ ∂v,
and
rλ(u⊗ v) = rλu⊗ v + u⊗ rλv,
where u ∈ U , v ∈ V and r ∈ R.
Proposition 2.7. ([5]) Let U and V be two R-modules. Suppose that U is a C[∂]-module of finite
rank. Then U∗c⊗V ∼= Chom(U, V ) as R-modules with the identification (f ⊗ v)λ(u) = fλ+∂(u)v
where f ∈ U∗c, u ∈ U and v ∈ V .
Definition 2.8. A module M over a left-symmetric conformal algebra A is a C[∂]-
module with two C-bilinear maps A×M →M [λ], a×v → aλv and M×A→M [λ], v×a→ vλa
such that
(∂a)λv = [∂, aλ]v = −λaλv, (∂v)λa = [∂, vλ]a = −λvλa,
(aλb)λ+µv − aλ(bµv) = (bµa)λ+µv − bµ(aλv),
(aλv)λ+µb− aλ(vµb) = (vµa)λ+µb− vµ(aλb)
hold for a, b ∈ A and v ∈M .
Similarly, an A-module is called finite if it is finitely generated as a C[∂]-module.
Remark 2.9. Suppose M is finite. Let aλv = lA(a)λv and vλa = rA(a)−λ−∂v. It is easy to
show that the structure of a module M over a left-symmetric conformal algebra A is the same
as a pair {lA, rA}, where lA, rA : A→ Cend(M) are two C[∂]-module homomorphisms such that
the following conditions hold
lA(aλb)λ+µv − lA(a)λ(lA(b)µv) = lA(bµa)λ+µv − lA(b)µ(lA(a)λv), (9)
rA(b)−λ−µ−∂(lA(a)λv)− lA(a)λ(rA(b)−µ−∂v) = rA(b)−λ−µ−∂(rA(a)λv)− rA(aλb)−µ−∂v, (10)
for any a, b ∈ A and v ∈M . Denote this module by (M, lA, rA).
6 YANYONG HONG AND CHENGMING BAI
Throughout this paper, we mainly deal with C[∂]-modules which are finitely generated. So,
for convenience, we use the notions of representations of conformal algebras instead of those of
modules of conformal algebras.
Proposition 2.10. ([14]) Let (M, lA, rA) be a finite module over a left-symmetric conformal
algebra A. Then
(i) lA : A→ gc(M) is a representation of the sub-adjacent Lie conformal algebra g(A).
(ii) ρ = lA − rA is a representation of the Lie conformal algebra g(A).
(iii) For any representation σ : g(A) → gc(M) of the Lie conformal algebra g(A), (M,σ, 0) is
an A-module.
Corollary 2.11. Let A be a finite left-symmetric conformal algebra. Define two C[∂]-module
homomorphisms LA and RA from A to Cend(A) by LA(a)λb = aλb and RA(a)λb = b−λ−∂a for
any a, b ∈ A. Then LA : A → gc(A) and ρ = LA − RA are two representations of the Lie
conformal algebra g(A).
Remark 2.12. LA is called the regular representation of g(A).
Proposition 2.13. ([14]) Let A be a left-symmetric conformal algebra and (M, lA, rA) be a
module of A. Then the C[∂]-module A ⊕ M is a left-symmetric conformal algebra with the
following λ-product
(a+ u)λ(b+ v) = aλb+ lA(a)λv + rA(b)−λ−∂u, a, b ∈ A, u, v ∈M. (11)
Denote it by A⋉lA,rA M , which is called the semi-direct sum of A and M .
Finally, let us recall the definition of coefficient algebra of a conformal algebra. Let χ be
a variety of algebras (Lie, left-symmetric, etc) and R be a χ-conformal algebra. There is an
associated χ-algebra constructed as follows. Set
aλb =
∑
n∈N
λn
n!
a(n)b,
where a(n)b is called the n-th product of a and b. Let CoeffR be the quotient of the vector
space with basis an (a ∈ R,n ∈ Z) by the subspace spanned over C by elements:
(αa)n − αan, (a+ b)n − an − bn, (∂a)n + nan−1, where a, b ∈ R, α ∈ C, n ∈ Z.
The operation on CoeffR is defined as follows.
am · bn =
∑
j∈N
(
m
j
)
(a(j)b)m+n−j . (12)
Then CoeffR is a χ-algebra ([16]), which is called the coefficient algebra of R.
3. The operator forms of conformal CYBE
In this section, we study the operator forms of conformal CYBE and give a relation be-
tween the non-degenerate skew-symmetric solutions of conformal CYBE and 2-cocycles of Lie
conformal algebras.
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Let R be a Lie conformal algebra and r =
∑
i ai ⊗ bi ∈ R⊗ R. Set r
21 =
∑
i bi ⊗ ai. We say
r is skew-symmetric if r = −r21, whereas r is called symmetric if r = r21.
Let V be free and of finite rank as a C[∂]-module. Set {vi} |i=1,··· ,m be a C[∂]-basis of V .
Obviously, as an R-module, V ∼= V ∗c∗c though the C[∂]-module homomorphism vi → vi
∗∗ where
y∗λ(vi) = v
∗∗
i −λ−∂(y
∗) for any y∗ ∈ V ∗c.
Now suppose that R is a finite Lie conformal algebra which is free as a C[∂]-module. Then
by the discussion above, as R-modules,
R⊗R ∼= R∗c
∗c ⊗R ∼= Chom(R∗c, R).
Define
{u, a}λ = uλ(a), and {u⊗ v, a⊗ b}(λ,µ) = {u, a}λ{v, b}µ.
where a, b ∈ R and u, v ∈ R∗c. Then by Proposition 2.7, for any r ∈ R ⊗ R, we associate a
conformal linear map T r ∈ Chom(R∗c, R) as follows.
{f, T r
−µ−∂(g)}λ = {g ⊗ f, r}(µ,λ), f , g ∈ R
∗c. (13)
Set r =
∑
i ai ⊗ bi ∈ R⊗R. Then by Eq. (13), we get
T rλ(u) =
∑
i
{u, ai}−λ−∂bi, u ∈ R
∗c.
Theorem 3.1. Let R be a finite Lie conformal algebra which is free as a C[∂]-module and
r ∈ R ⊗ R be skew-symmetric. Then r is a solution of conformal CYBE if and only if the
T r ∈ Chom(R∗c, R) corresponding to r satisfies
[T r0 (u)λT
r
0 (v)] = T
r
0 (ad
∗(T r0 (u))λv − ad
∗(T r0 (v))−λ−∂u), ∀u, v ∈ R
∗c, (14)
where T r0 = T
r
λ |λ=0.
Proof. Define 〈a, u〉λ = {u, a}−λ = u−λ(a) where a ∈ R and u ∈ R
∗c. Obviously, it is easy to
see that
〈∂a, u〉λ = −λ〈a, u〉λ. (15)
Moreover, we define
〈a⊗ b⊗ c, u⊗ v ⊗ w〉(λ,ν,θ) = 〈a, u〉λ〈b, v〉ν〈c, w〉θ ,
where a, b, c ∈ R, and u, v, w ∈ R∗c. Moreover, by the definition of dual representation in
Remark 2.5, we can easily get
〈[aµb], u〉λ = 〈a, ad
∗(b)λ−∂u〉µ, (16)
for any a, b ∈ R, and u ∈ R∗c.
Set r =
∑
i ai ⊗ bi ∈ R⊗R. By the discussion above, T
r ∈ Chom(R∗c, R) corresponding to r
is given by
T rλ(u) =
∑
i
〈ai, u〉λ+∂bi, u ∈ R
∗c.
Similarly, since r is skew-symmetric, one can obtain T rλ(v) = −
∑
i〈bi, v〉λ+∂ai, v ∈ R
∗c.
Then we consider
〈[[r, r]] mod (∂⊗
3
), u⊗ v ⊗ w〉(λ,ν,θ) = 0 for any u, v, w ∈ R
∗c. (17)
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By Eq. (15), Eq. (17) is equivalent to the following equality
〈[[r, r]], u ⊗ v ⊗ w〉(λ,ν,θ) = 0 mod (λ+ ν + θ) for any u, v, w ∈ R
∗c. (18)
By a direct computation, we have
〈
∑
i,j
[aiµaj]⊗ bi ⊗ bj |µ=1⊗∂⊗1, u⊗ v ⊗ w〉(λ,ν,θ)
=
∑
i,j
〈[ai−νaj ], u〉λ〈bi, v〉ν〈bj , w〉θ
=
∑
i,j
〈[(〈bi, v〉νai)−νaj ], u〉λ〈bj , w〉θ = −
∑
i,j
〈[T r0 (v)−νaj ], u〉λ〈bj , w〉θ
=
∑
i,j
〈[ajλ+νT
r
0 (v)], u〉λ〈bj, w〉θ =
∑
i,j
〈aj , ad
∗(T r0 (v))−νu〉λ+ν〈bj, w〉θ
=
∑
i,j
〈〈aj , ad
∗(T r0 (v))−νu〉λ+νbj, w〉θ = 〈T
r
λ+ν−∂(ad
∗(T r0 (v))−νu), w〉θ
= 〈T rλ+ν+θ(ad
∗(T r0 (v))−νu), w〉θ .
Similarly, one can get
〈
∑
i,j
ai ⊗ [ajµbi]⊗ bj |µ=1⊗1⊗∂ , u⊗ v ⊗ w〉(λ,ν,θ) = 〈T
r
0 (ad
∗(T rλ+ν+θ(u))ν+θv), w〉θ ,
and
〈
∑
i,j
ai ⊗ aj ⊗ [bjµbi] |µ=1⊗∂⊗1, u⊗ v ⊗ w〉(λ,ν,θ) = −〈[T
r
λ+ν+θ(u)ν+θT
r
0 (v)], w〉θ .
By Eq. (18) and the above discussion, the conformal CYBE is equivalent to
〈[T rλ+ν+θ(u)ν+θT
r
0 (v)] − T
r
0 (ad
∗(T rλ+ν+θ(u))ν+θv)
−T rλ+ν+θ(ad
∗(T r0 (v))−νu), w〉θ = 0 mod (λ+ ν + θ). (19)
Therefore (19) is equivalent to the following equality
[T r0 (u)−λT
r
0 (v)] = T
r
0 (ad
∗(T r0 (u))−λv) + T
r
0 (ad
∗(T r0 (v))λ−∂u). (20)
Then we get the conclusion replacing −λ by λ. 
Definition 3.2. ([21]) A conformal bilinear form on R is a C-bilinear map 〈, 〉λ : R×R→
C[λ] satisfying
〈∂a, b〉λ = −λ〈a, b〉λ = −〈a, ∂b〉λ for all a, b ∈ R. (21)
If 〈a, b〉λ = 〈b, a〉−λ for all a, b ∈ R, we say this conformal bilinear form is symmetric. 〈, 〉λ is
called invariant if for any a, b, c ∈ R,
〈[aµb], c〉λ = 〈a, [bλ−∂c]〉µ = −〈a, [c−λb]〉µ. (22)
Suppose R is a free and of finite rank C[∂]-module. Given a conformal bilinear form on R. If
the C[∂]-module homomorphism L : R → R∗c, a → La given by (La)λb = 〈a, b〉λ, b ∈ R, is an
isomorphism, then we call the bilinear form non-degenerate.
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Let R have a non-degenerate conformal bilinear form. For any a⊗ b, c⊗ d ∈ R⊗R, set
〈a⊗ b, c⊗ d〉(λ,µ) = 〈a, c〉λ〈b, d〉µ. (23)
Let r =
∑
i ai ⊗ bi ∈ R⊗R. Define a linear map P
r : R→ R[λ] as
〈r, u⊗ v〉(λ,µ) = 〈P
r
λ−∂(u), v〉µ. (24)
It is easy to see that P r ∈ Cend(R).
Corollary 3.3. Let R be a finite Lie conformal algebra which is free as a C[∂]-module. Suppose
that there exists a non-degenerate symmetric invariant conformal bilinear form on R and r ∈
R ⊗ R is skew-symmetric. Then r is a solution of conformal CYBE if and only if the element
P r ∈ Cend(R) corresponding to r satisfies the following equality
[P r0 (a)λP
r
0 (b)] = P
r
0 ([aλP
r
0 (b)]) + P
r
0 ([P
r
0 (a)λb]), ∀a, b ∈ R, (25)
where P r0 = P
r
λ |λ=0.
Proof. Since R has a non-degenerate symmetric invariant conformal bilinear form, R∗c is iso-
morphic to R as a C[∂]-module through this conformal bilinear form. Then it can be directly
obtained from Theorem 3.1. 
Note that P r0 is a C[∂]-module homomorphism, which motivates us to give the following
definition.
Definition 3.4. Let R be a Lie conformal algebra. If T : R → R is a C[∂]-module homomor-
phism satisfying
[T (a)λT (b)] = T ([aλT (b)]) + T ([T (a)λb]), ∀ a, b ∈ R, (26)
then T is called a Rota-Baxter operator (of weight 0) on R.
Definition 3.5. Let R be a Lie conformal algebra and ρ : R→ gc(V ) be a representation. If a
C[∂]-module homomorphism T : V → R satisfies
[T (u)λT (v)] = T (ρ(T (u))λv − ρ(T (v))−λ−∂u), ∀ u, v ∈ V, (27)
then T is called an O-operator associated with ρ.
Remark 3.6. By Theorem 3.1, a skew-symmetric solution of conformal CYBE in R is equivalent
to T ∈ Chom(R∗c, R) where T0 is an O-operator associated to ad
∗ and R is a finite Lie conformal
algebra and free as a C[∂]-module.
Next, we study the O-operators of Lie conformal algebras in a more general extent.
In the following, let R and V be free C[∂]-modules of finite ranks. Let {ei}
n
i=1 be a C[∂]-basis
of R, {vj}
m
j=1 be a C[∂]-basis of V and {v
∗
j }
m
j=1 be the dual C[∂]-basis in V
∗c. Then there is a
natural representation ρ∗ : R→ gc(V ∗c) which is dual to ρ given by
ρ∗(ei)λv
∗
j = −
m∑
k=1
v∗j−λ−∂(ρ(ei)λ(vk))v
∗
k. (28)
By Proposition 2.7, as R-modules, Chom(V,R) ∼= V ∗c ⊗ R ∼= R ⊗ V ∗c. Therefore through
this isomorphism, any conformal linear map T ∈ Chom(V,R) corresponds to an element rT ∈
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R⊗ V ∗c ∈ R⋉ρ∗ V
∗c ⊗R⋉ρ∗ V
∗c. Set Tλ(vi) =
∑n
j=1 aij(λ, ∂)ej for i = 1, · · · , m. Then by the
definition of the isomorphism, we get
rT =
m∑
i=1
n∑
j=1
aij(−1⊗ ∂ − ∂ ⊗ 1, ∂ ⊗ 1)ej ⊗ v
∗
i . (29)
Theorem 3.7. With the conditions above, r = rT − r
21
T is a solution of conformal CYBE in
R⋉ρ∗ V
∗c if and only if for T ∈ Chom(V,R), T0 = Tλ |λ=0 is an O-operator.
Proof. By Eq. (29), we get
r =
∑
i,j
aij(−∂ ⊗ 1− 1⊗ ∂, ∂ ⊗ 1)ej ⊗ v
∗
i −
∑
i,j
aij(−∂ ⊗ 1− 1⊗ ∂, 1⊗ ∂)v
∗
i ⊗ ej.
Then by a direct computation, we get
[[r, r]] = (
∑
i,j,k,l
aij(0,−1 ⊗ ∂ ⊗ 1)akl(0,−1 ⊗ 1⊗ ∂)[ejµel]⊗ v
∗
i ⊗ v
∗
k
−
∑
i,j,k,l
aij(0, 1⊗ ∂ ⊗ 1)akl(0,−1 ⊗ 1⊗ ∂)[v
∗
i µel]⊗ ej ⊗ v
∗
k
−
∑
i,j,k,l
aij(0,−1⊗ ∂ ⊗ 1)akl(0, 1 ⊗ 1⊗ ∂)[ejµv
∗
k]⊗ v
∗
i ⊗ el) |µ=1⊗∂⊗1
−(
∑
i,j,k,l
aij(0, ∂ ⊗ 1⊗ 1)akl(0,−1 ⊗ 1⊗ ∂)ej ⊗ [elµv
∗
i ]⊗ v
∗
k
−
∑
i,j,k,l
aij(0,−∂ ⊗ 1⊗ 1)akl(0,−1⊗ 1⊗ ∂)v
∗
i ⊗ [elµej]⊗ v
∗
k
+
∑
i,j,k,l
aij(0,−∂ ⊗ 1⊗ 1)akl(0, 1 ⊗ 1⊗ ∂)v
∗
i ⊗ [v
∗
kµej ]⊗ vl) |µ=1⊗1⊗∂
−(−
∑
i,j,k,l
aij(0, ∂ ⊗ 1⊗ 1)akl(0,−1 ⊗ ∂ ⊗ 1)ej ⊗ v
∗
k ⊗ [elµv
∗
i ]
−
∑
i,j,k,l
aij(0,−∂ ⊗ 1⊗ 1)akl(0, 1 ⊗ ∂ ⊗ 1)v
∗
i ⊗ el ⊗ [v
∗
kµej ]
+
∑
i,j,k,l
aij(0,−∂ ⊗ 1⊗ 1)akl(0,−1⊗ ∂ ⊗ 1)v
∗
i ⊗ v
∗
k ⊗ [elµej]) |µ=1⊗∂⊗1 mod (∂
⊗
3
).
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Note that T0(vi) =
∑n
j=1 aij(0, ∂)ej . Thus we obtain
[[r, r]] =
∑
i,k
([T0(vi)µT0(vk)]⊗ v
∗
i ⊗ v
∗
k + ρ
∗(T0(vk))−µ−∂v
∗
i ⊗ T0(vi)⊗ v
∗
k
−ρ∗(T0(vi))µv
∗
k ⊗ v
∗
i ⊗ T0(vk)) |µ=1⊗∂⊗1
−
∑
i,k
(T0(vi)⊗ ρ
∗(T0(vk))µv
∗
i ⊗ v
∗
k − v
∗
i ⊗ [T0(vk)µT (vi)]⊗ v
∗
k
−v∗i ⊗ ρ
∗(T0(vi))−µ−∂v
∗
k ⊗ T (vk)) |µ=1⊗1⊗∂
−
∑
i,k
(−T0(vi)⊗ v
∗
k ⊗ ρ
∗(T0(vk))µv
∗
i + v
∗
i ⊗ T0(vk)⊗ ρ
∗(T0(vi))−µ−∂v
∗
k
+v∗i ⊗ v
∗
k ⊗ [T0(vk)µT0(vi)]) |µ=1⊗∂⊗1 mod (∂
⊗3).
Moreover, by Eq. (28) and the fact that T0 commutes with ∂, we get∑
i,k
T0(vi)⊗ ρ
∗(T0(vk))µv
∗
i ⊗ v
∗
k |µ=1⊗1⊗∂
= −
∑
i,k
T0(vi)⊗
∑
j
v∗i −µ−∂(ρ(T0(vk))µvj)v
∗
j ⊗ v
∗
k |µ=1⊗1⊗∂
= −
∑
i,j,k
v∗j ∂(ρ(T0(vk))µ(vi))T0(vj)⊗ v
∗
i ⊗ v
∗
k |µ=1⊗1⊗∂
= −
∑
i,k
T0(
∑
j
(v∗j ∂(ρ(T0(vk))µ(vi)))vj)⊗ v
∗
i ⊗ v
∗
k |µ=1⊗1⊗∂
= −
∑
i,k
T0(ρ(T0(vk))µ(vi))⊗ v
∗
i ⊗ v
∗
k |µ=1⊗1⊗∂ .
Therefore by a similar study, we get
[[r, r]] mod (∂⊗
3
)
=
∑
i,k
((−[T0(vk)µT0(vi)] + T0(ρ(T0(vk))µ(vi)) + T0(ρ(T0(vi))−µ−∂(vk)))⊗ v
∗
i ⊗ v
∗
k |µ=1⊗1⊗∂
+(v∗i ⊗ (−T0(ρ(T0(vk))µ(vi)) + [T0(vk)µT0(vi)] + T0(ρ(T0(vi))−µ−∂(vk)))⊗ v
∗
k) |µ=1⊗1⊗∂
+
∑
i,k
(v∗i ⊗ v
∗
k ⊗ (−T0(ρ(T0(vk))µ(vi)) + [T0(vk)µT0(vi)] + T0(ρ(T0(vi))−µ−∂(vk))) |µ=1⊗∂⊗1
= 0.
Therefore r is a solution of conformal CYBE if and only if T0 satisfies Eq. (27). 
Remark 3.8. In fact, from the proof, when r = rT − r
21
T is replaced by
r =
∑
i,j
bi,j(−∂
⊗2 , ∂ ⊗ 1)ej ⊗ v
∗
i −
∑
i,j
ci,j(−∂
⊗2 , 1⊗ ∂)v∗i ⊗ ej ,
where bi,j(0, ∂) = ci,j(0, ∂) = ai,j(0, ∂), the conclusion still holds.
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Remark 3.9. For any T ∈ Chom(V,R), set Tλ = T0 + λT1 + · · · + λ
nTn where Ti(V ) ⊂ R.
Suppose T0 satisfies Eq. (27). Obviously, T0 = 0 is an O-operator. Then by Theorem 3.7, no
matter what T1, · · · , Tn are, the element r = rT−r
21
T ∈ R⋉ρ∗V
∗c⊗R⋉ρ∗V
∗c where rT ∈ R⊗V
∗c
corresponds to Tλ are all solutions of conformal CYBE in R⋉ρ∗ V
∗c.
Assume that rT is given by (29) and r = rT − r
21
T . The Lie conformal bialgebra structures
are obtained through these solutions of conformal CYBE as follows ([21]).
δ(a) = aλr |λ=−∂⊗2
= aλ(
∑
i,j
aij(−∂ ⊗ 1− 1⊗ ∂, ∂ ⊗ 1)ej ⊗ v
∗
i
−
∑
i,j
aij(−∂ ⊗ 1− 1⊗ ∂, 1⊗ ∂)v
∗
i ⊗ ej) |λ=−∂⊗2
= aλ(
∑
i,j
aij(0, ∂ ⊗ 1)ej ⊗ v
∗
i −
∑
i,j
aij(0, 1 ⊗ ∂)v
∗
i ⊗ ej) |λ=−∂⊗2
= aλ(rT0 − r
21
T0
) |
λ=−∂⊗2
.
Therefore the solutions of conformal CYBE corresponding to Tλ = λT1 + · · · + λ
nTn do not
take effect here. Hence in the sense of Lie conformal bialgebras, the unique useful solution
corresponding to Tλ is determined by the O-operator T0.
Finally, let us study the relation between the non-degenerate skew-symmetric solutions of
conformal CYBE and 2-cocycles of Lie conformal algebras.
Definition 3.10. Let R be a finite Lie conformal algebra which is free as a C[∂]-module. If
T rλ = T
r
0 defined by Eq. (13) is a C[∂]-module isomorphism from R
∗c to R, then r is called
non-degenerate. Note that in this case, Eq. (13) becomes
{f, T r0 (g)}λ = {g ⊗ f, r}(−λ,λ) f , g ∈ R
∗c. (30)
Definition 3.11. Let R be a Lie conformal algebra. The C-linear map αλ : R ⊗ R → C[λ] is
called a 2-cocycle of R if αλ satisfies the following conditions
αλ(∂a, b) = −λαλ(a, b), αλ(a, ∂b) = λαλ(a, b), (31)
αλ(a, b) = −α−λ(b, a), (32)
αλ(a, [bµc])− αµ(b, [aλc]) = αλ+µ([aλb], c), (33)
where a, b, c ∈ R.
Theorem 3.12. Let R be a Lie conformal algebra. Then r ∈ R ⊗ R is a skew-symmetric and
non-degenerate solution of conformal CYBE in R if and only if the bilinear form defined by
αλ(a, b) = {(T
r
0 )
−1(a), b}λ, a, b ∈ R, (34)
is a 2-cocycle on R, where T r0 ∈ Chom(R
∗c, R) is the element corresponding to r through the
isomorphism R⊗R ∼= Chom(R∗c, R).
Proof. Obviously, αλ satisfies Eq. (31). Since T
r
0 is a C[∂]-module isomorphism from R
∗c to R,
there exist f and g ∈ R∗c such that T r0 (f) = a and T
r
0 (g) = b. Therefore by the correspondence
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of r and T r0 ,
αλ(T
r
0 (f), T
r
0 (g)) = {f, T
r
0 (g)}λ = {g ⊗ f, r}(−λ,λ). (35)
Since r = −r21, we get
αλ(T
r
0 (f), T
r
0 (g)) = {g ⊗ f, r}(−λ,λ) = {f ⊗ g, r
21}(λ,−λ) = −{f ⊗ g, r}(λ,−λ) = −{g, T
r
0 (f)}−λ
= −α−λ(T
r
0 (g), T
r
0 (f)).
Therefore αλ(a, b) = −α−λ(b, a) for any a, b ∈ R. Conversely, it is also easy to see that if
Eq. (32) holds, r = −r21. Moreover, note that
{f, T r0 (g)}λ = −{g, T
r
0 (f)}−λ, f, g ∈ R
∗c. (36)
By Theorem 3.1, r is a solution of conformal CYBE in R if and only if T r0 is an O-operator.
Therefore we only need to show that Eq. (33) is equivalent to that T r0 is an O-operator. Replacing
a, b, c by T r0 (f), T
r
0 (g) and T
r
0 (h) respectively in Eq. (33) and according to Eq. (36) and Eq. (16),
we get
αλ(T
r
0 (f), [T
r
0 (g)µT
r
0 (h)]) − αµ(T
r
0 (g), [T
r
0 (f)λT
r
0 (h)]) − αλ+µ([T
r
0 (f)λT
r
0 (g)], T
r
0 (h))
= {f, [T r0 (g)µT
r
0 (h)]}λ − {g, [T
r
0 (f)λT
r
0 (h)]}µ + {h, [T
r
0 (f)λT
r
0 (g)]}−λ−µ
= −{ad∗(T r0 (g))µf, T
r
0 (h)}λ+µ + {ad
∗(T r0 (f))λg, T
r
0 (h)}λ+µ + {h, [T
r
0 (f)λT
r
0 (g)]}−λ−µ
= {h, T r0 (ad
∗(T r0 (g))µf)}−λ−µ − {h, T
r
0 (ad
∗(T r0 (f)λ)g)}−λ−µ + {h, [T
r
0 (f)λT
r
0 (g)]}−λ−µ
= {h, [T r0 (f)λT
r
0 (g)] − T
r
0 (ad
∗(T r0 (f))λg) + T
r
0 (ad
∗(T r0 (g))−λ−∂f)}−λ−µ.
Since h ∈ R∗c is arbitrary, Eq. (33) is equivalent to that T r0 is an O-operator. This completes
the proof. 
4. Conformal CYBE and left-symmetric conformal algebras
In this section, we investigate the relation between conformal CYBE and left-symmetric con-
formal algebras.
Proposition 4.1. There is a compatible left-symmetric conformal algebra structure on a Lie
conformal algebra R if and only if there exists a bijective O-operator T : V → R associated with
a certain representation ρ.
Proof. If there is a compatible left-symmetric conformal algebra (R, ·λ·), then R is an R-module
through the left multiplication operators of the left-symmetric conformal algebra. Then id :
R→ R is a bijective O-operator of R associated to this representation.
Conversely, suppose there exists a bijective O-operator T : V → R of R associated with a
representation ρ. Then
aλb = T (ρ(a)λT
−1(b)), ∀a, b ∈ R, (37)
defines a compatible left-symmetric conformal algebra structure on R. 
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Theorem 4.2. Let A be a left-symmetric conformal algebra which is free and of finite rank as
a C[∂]-module. Then
r =
n∑
i=1
(ei ⊗ e
∗
i − e
∗
i ⊗ ei) (38)
is a solution of conformal CYBE in g(A) ⋉L∗
A
g(A)∗c, where {e1, · · · , en} is a basis of A and
{e∗1, · · · , e
∗
n} is the dual basis of A
∗c.
Proof. By Proposition 4.1, T = id : g(A) → g(A) is an O-operator associated to LA. Then by
Theorem 3.7, the conclusion holds. 
Remark 4.3. By Theorem 3.7 and Remark 3.9, there are infinitely many solutions of conformal
CYBE obtained from the O-operator id : A → A. But the r given by Eq. (38) is the unique
non-degenerate solution corresponding to id.
Corollary 4.4. Let A be a left-symmetric conformal algebra which is free and of finite rank as
a C[∂]-module. Then there is a natural 2-cocycle αλ on g(A)⋉L∗
A
g(A)∗c given by
αλ(a+ f, b+ g) = {f, b}λ − {g, a}−λ, a, b ∈ g(A), f, g ∈ g(A)
∗c. (39)
Proof. It follows from Theorem 3.12 and Theorem 4.2. 
Proposition 4.5. Let R be a Lie conformal algebra and ρ : R → gc(V ) be a representation of
R. Let T : V → R be a C[∂]-module homomorphism. Then
u ∗λ v = ρ(T (u))λv, u, v ∈ V, (40)
defines a left-symmetric conformal algebra structure on V if and only if
[T (u)λT (v)]− T (ρ(T (u))λv − ρ(T (v))−λ−∂u) ∈ ker(ρ)[λ] (41)
for any u, v ∈ V .
Proof. For any u, v, w ∈ V , by a direct computation, we can get
(u ∗λ v)λ+µw − u ∗λ (v ∗µ w)− (v ∗µ u) ∗λ+µ w + v ∗µ (u ∗λ w)
= −ρ([T (u)λT (v)] − T (ρ(T (u))λv − ρ(T (v)−λ−∂u)))λ+µw.
Then the conclusion holds. 
Corollary 4.6. Let R be a Lie conformal algebra and ρ : R→ gc(V ) be a representation of R.
Suppose T : V → R is an O-operator associated to ρ. Then the following λ-product
u ∗λ v = ρ(T (u))λv, u, v ∈ V , (42)
endows a left-symmetric conformal algebra structure on V . Therefore V is a Lie conformal
algebra which is the sub-adjacent Lie conformal algebra of this left-symmetric conformal algebra,
and T : V → R is a homomorphism of Lie conformal algebra. Moreover, T (V ) ⊂ R is a Lie
conformal subalgebra of R and there is also a natural left-symmetric conformal algebra structure
on T (V ) defined as follows
T (u)λT (v) = T (u ∗λ v) = T (ρ(T (u))λv), u, v ∈ V . (43)
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In addition, the sub-adjacent Lie conformal algebra of this left-symmetric conformal algebra is
a subalgebra of R and T : V → R is a homomorphism of left-symmetric conformal algebra.
Proof. It can directly obtained from Proposition 4.5. 
Corollary 4.7. Let R be a Lie conformal algebra and T : R → R is a Rota-Baxter operator of
weight zero. Then there is a left-symmetric conformal algebra structure on R with the following
λ-product
aλb = [T (a)λb], a, b ∈ R. (44)
Proof. It follows directly from Corollary 4.6. 
5. O-operator and conformal S-equation
Theorem 5.1. Let A be a finite left-symmetric conformal algebra which is free as a C[∂]-module
and r ∈ A ⊗ A be symmetric. Then r is a solution of conformal S-equation if and only if the
T ∈ Chom(A∗c, A) corresponding to r satisfies
[T0(a
∗)λT0(b
∗)] = T0(L
∗
A(T0(a
∗))λb
∗ − L∗A(T0(b
∗))−λ−∂a
∗), ∀a∗, b∗ ∈ A∗c, (45)
where T0 = Tλ |λ=0.
Proof. It follows from a similar proof as the one in Theorem 3.1. 
Corollary 5.2. Let A be a finite left-symmetric conformal algebra which is free as a C[∂]-
module. Suppose r is a symmetric solution of conformal S-equation. Then T ∈ Chom(A∗c, A)
corresponding to r is an O-operator associated to L∗A. Therefore there is a left-symmetric con-
formal algebra structure on A∗c given as follows
a∗ ◦λ b
∗ = L∗A(T (a
∗))λb
∗, a∗, b∗ ∈ A∗c. (46)
Proof. It follows from Corollary 4.6 and Theorem 5.1. 
Theorem 5.3. Let R be a finite Lie conformal algebra which is free as a C[∂]-module and V a
free and finitely generated C[∂]-module. Set {ei} |i=1,··· ,n and {vi} |i=1,··· ,m be the C[∂]-basis of
R and V respectively. Suppose ρ : R → gc(V ) is a representation of R and ρ∗ : R → gc(V ∗c)
is its dual representation. Let T ∈ Chom(V,R) with T0 = Tλ |λ=0: V → R be an O-operator
associated to ρ where Tλ(vi) =
∑n
j=1 aij(λ, ∂)ej for any i ∈ {1, · · · ,m}. Then
r =
∑
i,j
(aij(−1⊗ ∂ − ∂ ⊗ 1, ∂ ⊗ 1)ej ⊗ v
∗
i + aij(−1⊗ ∂ − ∂ ⊗ 1, 1⊗ ∂)v
∗
i ⊗ ej),
is a symmetric solution of conformal S-equation in T0(V ) ⋉ρ∗,0 V
∗c where the left-symmetric
conformal algebra structure on T0(V ) is given by Eq. (43).
Proof. Obviously, r is symmetric. Then we only need to show that r satisfies the conformal
S-equation in T0(V ) ⋉ρ∗,0 V
∗c. Note that T0(u)λT0(v) = T0(ρ(T0(u))λv). Then with a similar
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proof as of Theorem 3.7, we have
{{r, r}} mod (∂⊗
3
)
=
∑
i,k
(T0(vk)µT0(vi)⊗ v
∗
k ⊗ v
∗
i + ρ
∗(T0(vk))µv
∗
i ⊗ v
∗
k ⊗ T0(vi)) |µ=1⊗∂⊗1
−
∑
i,k
(v∗k ⊗ T0(vk)µT0(vi)⊗ v
∗
i + v
∗
k ⊗ ρ
∗(T0(vk))µ(v
∗
i )⊗ T0(vi)) |µ=∂⊗1⊗1
+
∑
i,k
(T0(vi)⊗ v
∗
k ⊗ ρ
∗(T0(vk))−µ−∂v
∗
i − v
∗
i ⊗ T0(vk)⊗ ρ
∗(T0(vi))µv
∗
k
−v∗i ⊗ v
∗
k ⊗ [T0(vi)µT0(vk)]) |µ=∂⊗1⊗1 mod (∂
⊗3)
=
∑
i,k
(T0(ρ(T0(vk))µvi)⊗ v
∗
k ⊗ vi − v
∗
i ⊗ v
∗
k ⊗ T0(ρ(T0(vk))µvi)) |µ=1⊗∂⊗1
−
∑
i,k
(v∗k ⊗ T0(ρ(T (vk))µvi)⊗ v
∗
i − v
∗
k ⊗ v
∗
i ⊗ T0(ρ(T0(vk))µ(vi))) |µ=∂⊗1⊗1
−
∑
i,k
T0(ρ(T0(vk))µvi)⊗ v
∗
k ⊗ vi |µ=1⊗∂⊗1
+
∑
i,k
(v∗k ⊗ T0(ρ(T0(vk))µvi)⊗ v
∗
i − v
∗
k ⊗ v
∗
i ⊗ T0(ρ(T0(vk))µvi)) |µ=∂⊗1⊗1
+
∑
i,k
v∗i ⊗ v
∗
k ⊗ T0(ρ(T0(vk))µvi |µ=1⊗∂⊗1= 0.
This completes the proof. 
Corollary 5.4. Let A be a finite left-symmetric conformal algebra which is free as a C[∂]-module.
Then
r =
n∑
i=1
(ei ⊗ e
∗
i + e
∗ ⊗ ei) (47)
is a non-degenerate symmetric solution of conformal S-equation in A⋉L∗
A
,0A
∗c where {ei} |i,··· ,n
is a C[∂]-basis of A and {e∗i } |i,··· ,n is its dual basis of A
∗c.
Proof. It follows from Theorem 5.3 by letting V = A, ρ = LA and T = idA. 
Definition 5.5. Let A be a left-symmetric conformal algebra. A bilinear form βλ : A⊗A→ C[λ]
is called a 2-cocycle of A if βλ satisfies the following properties:
βλ(∂a, b) = −λβλ(a, b), βλ(a, ∂b) = λβλ(a, b), (48)
βλ+µ(aλb, c)− βλ(a, bµc) = βλ+µ(bµa, c)− βµ(b, aλc), (49)
for any a, b, c ∈ A. A 2-cocycle βλ : A⊗A→ C[λ] of A is called symmetric if
βλ(a, b) = β−λ(b, a), for any a, b ∈ A. (50)
Remark 5.6. It is shown in [15] that a 2-cocycle of A is equivalent to a central extension of A
by the trivial C[∂]-module C.
CONFORMAL CLASSICAL YANG-BAXTER EQUATION, S-EQUATION AND O-OPERATORS 17
Theorem 5.7. Let A be a finite left-symmetric conformal algebra which is free as a C[∂]-module.
Then r is a symmetric non-degenerate solution of conformal S-equation if and only if the bilinear
form defined by
βλ(a, b) = {T
−1(a), b}λ, a, b ∈ A, (51)
is a symmetric 2-cocycle of A where T : A∗c → A is the C[∂]-module homomorphism correspond-
ing to r by the g(A)-module isomorphism A⊗A ∼= Chom(A∗c, A). Here, A is seen as a module
of g(A) via the left multiplication operators of A.
Proof. By Eq. (51), Eq. (48) is satisfied. Suppose that r is symmetric. Then
{f, T (g)}λ = {g ⊗ f, r}(−λ,λ) = {f ⊗ g, r}(λ,−λ) = {g, T (f)}−λ, ∀f, g ∈ A
∗c. (52)
Since T is a C[∂]-module isomorphism from A∗c → A, there exist f and g such that T (f) = a
and T (g) = b. By Eq. (52), we get
βλ(a, b) = {f, T (g)}λ = {g, T (f)}−λ = β−λ(b, a).
Therefore βλ is symmetric. With a similar process, it is easy to see that if βλ is symmetric, then
r is symmetric. Therefore r is symmetric if and only if βλ is symmetric.
Set r =
∑
i ri ⊗ li ∈ A ⊗ A. Since r is symmetric, r =
∑
i ri ⊗ li =
∑
i li ⊗ ri. Since
{f, T (g)}λ = {g ⊗ f, r}(−λ,λ), we get T (g) =
∑
i g−∂(ri)li =
∑
i g−∂(li)ri for any g ∈ A
∗c. Since
T is invertible, there exist f , g, h ∈ A∗c such that T (f) = a, T (g) = b and T (h) = c. Then
βλ+µ(aλb, c)− βλ(a, bµc)− βλ+µ(bµa, c) + βµ(b, aλc)
= {h, T (f)λT (g)}−λ−µ − {f, T (g)µT (h)}λ − {h, T (g)µT (f)}−λ−µ + {g, T (f)λT (h)}µ
= {f ⊗ g ⊗ h,
∑
ij
ri ⊗ rj ⊗ liλlj}(λ,µ,−λ−µ) − {f ⊗ g ⊗ h,
∑
ij
riµrj ⊗ li ⊗ lj}(λ,µ,−λ−µ)
−{f ⊗ g ⊗ h,
∑
ij
lj ⊗ li ⊗ riµrj}(λ,µ,−λ−µ) + {f ⊗ g ⊗ h,
∑
ij
li ⊗ riλrj ⊗ lj}(λ,µ,−λ−µ)
= {f ⊗ g ⊗ h,
∑
ij
ri ⊗ rj ⊗ [liµ′ lj ] |µ′=∂⊗1⊗1
−(ljµ′ ri ⊗ ri ⊗ li) |µ′=1⊗∂⊗1 +(rj ⊗ liµ′ ri ⊗ li) |µ′=∂⊗1⊗1}(λ,µ,−λ−µ).
Therefore βλ is a 2-cocycle of A if and only if r = 0 mod(∂
⊗3). This competes the proof. 
Corollary 5.8. Let A be a finite left-symmetric conformal algebra which is free as a C[∂]-module.
Then there is a natural 2-cocycle βλ of A⋉L∗,0 A
∗c given by
βλ(a+ f, b+ g) = {f, b}λ + {g, b}−λ, a, b ∈ A, f, g ∈ A
∗c. (53)
Proof. It can be directly obtained from Corollary 5.4 and Theorem 5.7. 
6. Rota-Baxter operators on Lie conformal algebras
It is known that Rota-Baxter operators (of weight zero) on Lie conformal algebras are a class
of O-operators and hence they can be used to provide the solutions of conformal CYBE and
S-equation in the previous sections. In this section, we give a further study of Rota-Baxter
operators with any weight on Lie conformal algebras.
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Recall the definition of Rota-Baxter operator of weight α on an associative (or a non-
associative) algebra.
Definition 6.1. Let A be an associative (or a nonassociative) algebra with the operation · :
A⊗A→ A over C. A linear operator P : A→ A is called a Rota-Baxter operator of weight
α (α ∈ C) on A if P satisfies the following condition:
P (x) · P (y) = P (P (x) · y + x · P (y)) + αP (x · y), ∀ x, y ∈ A. (54)
If α = 0, we call P a Rota-Baxter operator simply.
Remark 6.2. In particular, let R be a Lie conformal algebra. If T : R → R is a C[∂]-module
homomorphism satisfying
[T (a)λT (b)] = T ([aλT (b)]) + T ([T (a)λb]) + αT [aλb], ∀ a, b ∈ R, (55)
then T is called a Rota-Baxter operator of weight α on R, where α ∈ C. In fact, the case of
weight zero has already been studied in the previous sections (for example, see Definition 3.4).
Proposition 6.3. Let R be a Lie conformal algebra and T be a Rota-Baxter operator of weight
α on R. Define the linear operator T : Coeff(R)→ Coeff(R) as follows.
T(an) = T (a)n. (56)
Then T is a Rota-Baxter operator of weight α on the Lie algebra Coeff(R).
Proof. It is directly obtained from Eqs. (26) and (12). 
Remark 6.4. Note that a similar study about averaging operators on Lie conformal algebras
has been given in [19].
Definition 6.5. Let R = C[∂]V be a free C[∂]-module. Then by the definition of T in Proposi-
tion 6.3, T : Can → Can if and only if T (a) = f(a)a for any a ∈ V where f(a) ∈ C. If T : R→ R
satisfies this condition, T is called homogeneous.
Next we study Rota-Baxter operators on a class of Lie conformal algebras named quadratic
Lie conformal algebras ([23]).
Definition 6.6. If R = C[∂]V is a Lie conformal algebra as a free C[∂]-module and the λ-bracket
is of the following form:
[aλb] = ∂u+ λv + w, a, b ∈ V ,
where u, v, w ∈ V , then R is called a quadratic Lie conformal algebra.
Definition 6.7. ANovikov algebra (A, ◦) is a vector space A with an operation “◦” satisfying
the following axioms: for a, b, c ∈ A,
(a ◦ b) ◦ c = (a ◦ c) ◦ b,
(a ◦ b) ◦ c− a ◦ (b ◦ c) = (b ◦ a) ◦ c− b ◦ (a ◦ c).
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Definition 6.8. ([23]) A Gel’fand-Dorfman bialgebra (A, [·, ·], ◦) is a vector space A with
two algebraic operations [·, ·] and ◦ such that (A, [·, ·]) forms a Lie algebra, (A, ◦) forms a Novikov
algebra and the following compatibility condition holds:
[a ◦ b, c] + [a, b] ◦ c− a ◦ [b, c] − [a ◦ c, b]− [a, c] ◦ b = 0, (57)
for a, b, and c ∈ A. If a linear operator P : A → A is a Rota-Baxter operator of weight α
on (A, [·, ·]) as well as (A, ◦), then P is called a Rota-Baxter operator of weight α on the
Gel’fand-Dorfman bialgebra (A, [·, ·], ◦).
Theorem 6.9. ([23] or [13]) A Lie conformal algebra R = C[∂]V is quadratic if and only if V
is a Gel’fand-Dorfman bialgebra. The correspondence is given as follows.
[aλb] = ∂(b ◦ a) + λ(a ∗ b) + [b, a], for any a. b ∈ V . (58)
Here a ∗ b = a ◦ b+ b ◦ a and (V, [·, ·], ◦) is a Gel’fand-Dorfman bialgebra.
Then we study the Rota-Baxter operators of weight α on quadratic Lie conformal algebras.
Theorem 6.10. Let R = C[∂]V be the finite quadratic Lie conformal algebra corresponding to
a Gel’fand-Dorfman bialgebra (V, [·, ·], ◦). If the algebra (V, ∗) has no zero divisors, then any
Rota-Baxter operator T of weight α on R is homogenous and T is just the Rota-Baxter operator
of weight α on the Gel’fand-Dorfman bialgebra (V, [·, ·], ◦).
Proof. Since R is free and finite as a C[∂]-module, V is a finite-dimensional vector space. Set
T =
n∑
i=0
∂iTi,
where Ti : V → V (i = 0, · · · , n) are linear maps and there exists some a ∈ V such that
Tn(a) 6= 0. Therefore
[T (a)λT (b)] = [
n∑
i=0
∂iTi(a)λ
n∑
j=0
∂jTj(b)]
=
n∑
i,j=0
(−λ)i(λ+ ∂)j(∂(Tj(b) ◦ Ti(a)) + λ(Tj(b) ∗ Ti(a)) + [Tj(b), Ti(a)]),
and
T ([T (a)λb] + [aλT (b)]) + αT [aλb]
=
n∑
i=0
(−λ)i(∂T (b ◦ Ti(a)) + λT (Ti(a) ∗ b) + T ([b, Ti(a)]))
+
n∑
j=0
(λ+ ∂)j(∂T (Tj(b) ◦ a) + λT (Tj(b) ∗ a) + T ([Tj(b), a])
+α(∂T (b ◦ a) + λT (b ∗ a) + T ([b, a])).
If n ≥ 1, by comparing the coefficients of λ2n+1, we get Tn(b) ∗ Tn(a) = 0 for any a, b ∈
V . By the assumption, there exists a ∈ V such that Tn(a) 6= 0. Hence Tn(a) ∗ Tn(a) = 0,
which contradicts with the assumption that (V, ∗) has no zero divisors. Therefore in this case,
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T (a) = T0(a) for any a ∈ V . Hence T0 is exactly the Rota-Baxter operator T of weight α on the
Gel’fand-Dorfman bialgebra (V, [·, ·], ◦). This completes the proof. 
Corollary 6.11. Let T be a Rota-Baxter operator of weight α on the a Gel’fand-Dorfman
bialgebra (V, [·, ·], ◦). Then T˜ : R = C[∂]V → C[∂]V given by T˜ (a) = T (a) for any a ∈ V is a
Rota-Baxter operator of weight α on R.
Proof. It can be directly obtained from Theorem 6.10. 
Corollary 6.12. Let T be a Rota-Baxter operator T of weight α on a Gel’fand-Dorfman bial-
gebra (V, [·, ·], ◦). Let R = C[∂]V be the corresponding quadratic Lie conformal algebra. Then
T : Coeff(R) → Coeff(R) given by T(an) = T (a)n where a ∈ V and n ∈ Z is a Rota-Baxter
operator T of weight α.
Proof. It can be obtained by Corollary 6.11 and Proposition 6.3. 
Finally two examples about Rota-Baxter operators of weight 0 are given.
Example 6.13. The Virasoro Lie conformal algebra Vir is the simplest nontrivial example of
Lie conformal algebras. It is defined by
Vir = C[∂]L, [LλL] = (∂ + 2λ)L.
Coeff(Vir) is just the Witt algebra.
Now we consider the Rota-Baxter operators on Vir. In fact, Vir is a quadratic Lie conformal
algebra corresponding to the Novikov algebra (V = CL, ◦) where L◦L = L. Obviously, (V, ∗) has
no zero divisors. Therefore by Theorem 6.10, we only need to consider Rota-Baxter operators
on V . It is easy to see that any Rota-Baxter operator on V is of the form T (L) = 0. Therefore
all Rota-Baxter operators on Vir are trivial.
Example 6.14. Let R = C[∂]L⊕C[∂]W be a Lie conformal algebra of rank 2 with the λ-bracket
given by
[LλL] = (∂ + 2λ)L, [LλW ] = (∂ + λ)W, [WλW ] = 0. (59)
Coeff(R) is isomorphic to the Heisenberg-Virasoro Lie algebra which is spanned by {Ln,Wn |
n ∈ Z} satisfying
[Lm, Ln] = (m− n)Lm+n, [Lm,Wn] = −nWm+n, [Wm,Wn] = 0. (60)
Obviously, the Gel’fand-Dorfman bialgebra corresponding to the Heisenberg-Virasoro Lie con-
formal algebra does not satisfy the condition in Theorem 6.10. By a direct computation, we
show that any Rota-Baxter operator on R is one of the following two forms:
T (L) = −b(L+W ), T (W ) = b(L+W ), where b ∈ C\{0}; (61)
and
T (L) = g(∂)W, T (W ) = 0, where g(∂) ∈ C[∂]. (62)
By Proposition 6.3, we obtain two classes of Rota-Baxter operators on the Heisenberg-Virasoro
Lie algebra as follows. One is
T (Lm) = −b(Lm +Wm), T (Wm) = b(Lm +Wm) where b ∈ C\{0};
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another is
T (Lm) = a, T (Wm) = 0, where a ∈ C{Wm | m ∈ Z}.
In addition, by Corollary 4.7, from the Rota-Baxter operators on the Heisenberg-Virasoro
Lie conformal algebra, we can naturally get the following two left-symmetric conformal algebras
structures on A = C[∂]L⊕ C[∂]W : one is
LλL = −b((∂ + 2λ)L+ λW ), LλW = −b(∂ + λ)W,
WλL = b((∂ + 2λ)L+ λW ), WλW = b(∂ + λ)W ;
another is
LλL = g(−λ)λW, LλW =WλL = WλW = 0.
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